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Interpretation of ‘x Energy’ and Its Linear Additivity in Polyenes
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The kinetic energy of electrons in a one-dimensional box has the property of a linear additivity with respect to the unit
length. This property coincides with that of the m electrons of linear polyenes. Both properties lead to an understanding of
why the ‘m energy’ or the Hiickel energy includes information about the nuclear configuration based on the molecular virial
theorem. This article shows that the linear additivity is a property of the kinetic energy of particles that move in a one-
dimensional box, and thus assures that the Hiickel energy is another expression of the kinetic energy of & electrons. The
reason for the coincidence of both methods is interpreted as meaning that they seek the same stationary wave functions.
Thus, we may fairly say that the so-called Hiickel energy, ‘m energy’, or the empirical  energy is a quantitative quantity

of the kinetic energy of m electrons.

If the interpretation that the ‘x energy’ is the kinetic energy of m electrons is adopted, the explanation for a regular

hexagon structure of benzene made by Shaik et al. is reversed.

In spite of the fact that the importance of the ‘m energy’
cannot be overemphasized in organic chemistry, the ‘m en-
ergy’, itself, is hardly said to be explicitly defined or under-
stood. Namely, each researcher figures out the ‘m energy’
based on his idea. This seems to create confusion, as can be
seen in the discussions concerning the role of & electrons in
benzene,' where each author discusses the stability of the
7 electrons based on some ambiguous definition of the ‘m
energy’.

There seems to be two kinds of ‘m energy’ : the energy
obtained by such an empirical or semi-empirical ;-molecu-
lar orbital (MO) method as Hiickel'®!! or Pariser—Parr—Pople
(PPP) (and the related) theory'>—'* and that analytically de-
rived by partitioning the total energy obtained by ab initio
Hartree—Fock®~!” MO theories. Here, we call the former
‘empirical 7 energy’ and the latter ‘analytical & energy’.

The empirical n-energy appeared when the Hiickel MO
theory was proposed.'® Then, considerations of two-electron
integrals and the anti-symmetric nature of the total wave
function have been carried out to produce the PPP and its
related theories.”>* However, the concept of an empirical
7 energy, like that of m electrons that move in potential
fields from o as well as other 7 electrons and nuclei (this
literally means the mt-electronic energy (EZ) as will soon be
mentioned), still remains.

Any MO theory depends on the Born—Oppenheimer
approximation.'® Namely, the electronic energy (E%) is first
obtained and the total energy (E) is obtained by adding the
nuclear repulsion energy as a classical quantity to E*'. This
procedure is not performed in Hiickel or PPP theories. This
makes us believe that the ‘m energy’ is the 7 electronic en-
ergy. Here, we specify the Hiickel energy for the empirical
7 energy in order to avoid any methodological confusion.

A notable characteristic of the empirical wt energy is that
it has linear additivity in linear polyenes.'*!*—2? This fact has
been used as a measure of aromaticity: The Hiickel energy
of a cyclic polyene is compared with that of the correspond-
ing linear polyene.?? A question is : The fact that the Hiickel
energy has the property of linear additivity means that the
Hiickel energy must include information about the nuclear
repulsion in spite of the above-mentioned concept of the em-
pirical 7T energy.

The analytical wenergy appeared quite recently with an en-
ergy-partitioning method in ab initio MO theories.! 622425
Energy components that have inherent physical meanings
have been classified to either a o or 7 group. The interpre-
tation of ‘m energy’ in terms of such energy components has
been carried out. The analytical 7 energy (E*¥) may be
defined by the following equation:

E]a[“al = E;:l = <T>n + <V5N>n + <Vee>n + <Vee>n—07 (1)

where (T).., (Ven),» (Vee)n» and (Vee),_, are the kinetic
energy, one-, two-electron potential energies of m electrons,
and the two-electron potential energy of st electrons that
receive from o electrons. The mathematical expressions
have been shown elsewhere.”*¢

According to the conventional idea of the empirical &
energy, it should be equal to 2. A comparison of the Hiickel
energy and the energy components or their combination has
been carried out. An unexpected resultis that the empirical &
energy or the Hiickel energy in polyenes is not proportional
to EZ but to the kinetic energy of m electrons ((T),) and
that the ratio of (T), to the total kinetic energy ((T)) is
constant.*** This also indicates that the empirical 7t energy
includes information about the nuclear configuration.
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A preceding paper discussed the reason why the empirical
7 energy includes the nuclear repulsion energy, and found
that it explainable based on the molecular virial theorem
and the fact that the ratio of the kinetic energy of & electron
((T),) to that of total electrons ((T)) is constant.”” The last
question is that the constancy of the ratio (T)_/(T) is not
easily acceptable, since (T) is homogeneous of degree —2
to the coordinate. Thus, we examined the kinetic energy of
electrons in a one-dimensional box by comparing the Hiickel
energy in linear polyenes.

Linear Additivity in the Hiickel Method and Particles-
in-A-Box Model

A resemblance of the Hiickel results with the particles-in-a-
box model has been pointed out.*~*° This also assures that the
Hiickel energy may represent (T)_, since the particles-in-a-box
model treats only the kinetic energy of the particles, and since
Hiickel MO method treats only the 7t electrons. Hobey showed that
the particles-in-a-box model reproduces the results of the Hiickel
aromaticity measurement.” This gives additional confidence that
the Hiickel energy is a quantitative expression of (T),.

As stated in the introduction, one of the characteristics of the
empirical 7 energy is its linear additivity. Here, we examine whether
such linearity is reproducible in the particles-in-a-box model. Let
us consider a linear polyene with 2(n+2) = electrons, as shown
in Fig. 1. The Hiickel energy is expressed by

1
E,i—]iickel =2a(N+2)+2B { (sin 2(2%5—)) — 1} . 2)

By increasing one ethylene unit, the difference (AE = E(n+1)—
E(n)) is given by

AE™ =20 428 {(sin (/22n+7)"" —(sin (7/22n+5))"" } .
3)

Equation 3 shows that the so-called linear additivity of the Hiickel
energy is not perfect. However, AE™* rapidly converges on
2a+8f /m as n increases. (This has already been shown by one of
the present authors (J. A.)?!)

In the case of the one-dimensional particles-in-a-box model,
the kinetic energy for the linear (n+2)L unit with 2(n+2) particles
(electrons) is obtained as

pPaticle _ o (+)n+3)2n+5)

"7 8ml? 32n+1)? @

Due to an increase of one unit of length L, the displacement is given
by

5

Apresice _ B  44n*+200n+213

48ml? 2n+3)22n+5)32 )’
Again, the linear additivity in the particles-in-a-box model is not
perfect, but it is easily understood that as n increases, AEF®tc®
approaches h*/(48mL?). Equations 2 and 4 are plotted against n in
Fig. 2.
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Fig. 1. Linear polyene with 2(n+2) m electrons.

.

Interpretation of ‘m Energy’

16.00

14.00

12.00 |

10.00

Hiickel

E'" 8.00

6.00 |
free-particle

4.00

2.00

0.00 1 ) 1 I
0 2 4 6 8 10

Fig. 2. Linear energy additivities of the Hiickel and particles-
in-a-box models. The scale for the Hiickel energy is 2,
while that for the particles-in-a-box model is 12R2/(wmL?),
where & and m are the Planck’s constant and the mass of the
particle (electron).

The figure shows that both the Hiickel and particles-in-a-box
model methods arrive at linear additivity within a small number
of length units. Here, it is suggested that the linear additivity is
a nature of the kinetic energy in one-dimensional movement of
electrons. This may be the reason why (T)_ /(T) is constant, since
E, (T), or (V) has the nature of linear additivity, as shown in a
preceding paper.?’

Why Results by Hiickel Method and Particles-in-A-
Box Model Coincide

The Hiickel calculation for cyclic conjugate hydrocarbons
results in a double-degenerate solutions, except for the low-
est and highest ones. This double-degeneracy problem can
be correlated with the direction of electron movement, and
the linear additivity is a property of the kinetic energy of a
particle that moves in a one-dimensional box. It was also
shown that the three-dimensional Hiickel method, an exten-
sion of the ordinary Hiickel theory to free-moving electrons
by allowing free movement of particles to adjacent nodes
by setting 8 between them, reproduced the patterns of the
degeneration and wave functions of particles in a three-di-
mensional box.*> Both the Hiickel method and particles-in-
a-box model give the same results concerning the shapes of
the wave functions. Such a coincidence may be interpreted
in terms of the fact that they both obtain the wave functions
of stationary waves in the similar systems.

The wave function for the particles-in-a-box model is de-
termined by imposing boundary conditions, while that of the
Hiickel method is obtained by imposing variational condi-
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tions. The boundary conditions, for example, for a one-
dimensional box with length L are

P(0)=0and Y(L)=0. ©)

Apparently such procedures give stationary waves.
The variation method is defined as

Y- yY+AyYy=FE—E+AE
where AF = 0. (@)

Namely, concerning the change in the wave function, its
energy is not varied. In an LCAO approximation,

w=3Cx- @®)

Since y, are assumed to be fixed, the condition expressed by

Eq. 7 is equivalent to
OE

ac,

The condition expressed by Eq. 7 indicates that if the wave
would not be stationary, it would shift to a different form with
a lower energy as time passes. Therefore, it can be said that
both procedures seek stationary points that give stationary
wave functions. Since stationary waves are uniquely deter-
mined by the given topology, both methods may give the
same phases.*®

=0. ©)]

An Application of New Interpretation of & Energy:

Role of & Electrons in Benzene.  “The role of & elec-
trons in benzene” has created much confusion concerning
the concept of the aromaticity of benzene. In 1961, Berry
raised a doubt concerning the stability of uniformly dis-
tributed m electrons. Namely, the s electrons are not the
major source of stability for the regular hexagon, and the
m electrons might well have a lower energy if the ring ap-
proaches cyclohexatriene-like shapes.** More than twenty
years later Shaik and Hiberty and their co-workers investi-
gated this problem and supported the above idea.'> There
have appeared approval and opposite opinions to it.>—

As already stated, the confusion is caused by the fact
that the problem has been discussed without any consensus
concerning the ‘m energy’. Now that we have established
that the ‘w energy’ is the kinetic energy of m electrons, we
may obtain a new interpretation for the role of 7 electrons.

Benzene has a D¢, symmetry at the optimized geometry.
At this geometry, it was shown that the partial derivatives of
the total (E), i-electronic (E%) ri-kinetic energies ((T),.) with
respect to bond order (Py) are all null.* Namely, O(T) /0Py
is null, indicating that ‘the 7t energy’ of benzene is lowest. In
other words, 7t electrons are not the cause of bond alternation.

Benzene with a distorted geometry is not the same quan-
tum-mechanical system as that of benzene.* However, since
the discussion stems from an abnormal low frequency of the
B, vibration, let us consider the case when the geometry is
distorted along the B,, coordinate. Figure 3 is a schematic
expression of the behaviors of E, E%), and (T) , when the bond
order (Py) is varied at a fixed geometry on a B,, coordinate.
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Fig. 3. Changes of E, E3, and (T)_ with respect to Py at
a Dsj-distorted benzene along the B,, coordinate, where
P, is the optimized m-bond order at the given geometry.
The bond alternation is expressed by using solid and dotted
lines.

Such a relationship was obtained by solving the constrained
Hartree~Fock equation and quoted from Ref. 9c.

At a distorted geometry, the minimum points of E, Efrl,
and (T, do not coincide: at the optimized bond order (P%:
OE/OP. =0), only the total energy takes the minima. The
7t electronic energy has its minima at a smaller Py while the
7 kinetic energy, which equals the ‘x energy’ or empirical
T enegy, has its minimum at a larger P. If one looks at
the behavior of EY or the conventional idea of the ‘& en-
ergy’, @ electrons are in favor of being bond-alternative,
the same conclusion as that by Shaik and Hiberty and their
coworkers."? However, (T), has the minima at a larger Py,
indicating that it dislikes bond alternation. The more dis-
torted is the geometry, the more is this tendency prominent.
This even means that the m electrons are the major forces
which maintain keeping the Dg, symmetry of benzene.

Concluding Remarks

In this series of our papers,**?*’ we might establish the
following: (1) The Hiickel energy or empirical & energy is a
quantitative expression of the kinetic energy of free-moving
electrons in a one-dimensional box given by CH=CH units.
(2) Such kinetic energy is linear-additive with respect to
the ethylenic unit. (3) The ratio of the kinetic energy of
7t electrons to the total kinetic energy in linear polyenes is
constant. (4) Thus, the total energy includes information
about the nuclear configuration through the virial theorem.
Namely, the relationship EHi%e! o (T) _oc(T)ox E (V) holds.
To understand this relationship, we must seek the reason for
the constancy of the ratio (T)_/(T) or the linear property of
the kinetic energy of free-moving electrons in a linear one-
dimensional box.

The conclusion of this paper is that the Hiickel energy
as well as the kinetic energy of particles that move in a
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one-dimensional box has the property of linear additivity
with respect to the unit length, although the linearity is not
perfect; the deviation from the perfect linearity was found to
be limited within a small number of units. This quasi-linear
property makes the constancy of (T) /(T) understandable.
Thus, we may fairly say that the so-called Hiickel energy, ‘wt
energy’, or the empirical  energy is a quantitative quantity
of the kinetic energy of free-moving electron as well as that
of & electrons in polyene.

As an energetic expression of the uncertainty relationship,
the kinetic energy of an electron appears when walls restrict
its movement. Electrostatic potentials and/or atomic orbital
orthogonalization in molecules give such walls. If an elec-
tron is packed in a cubic box with volume V, the ground-
state kinetic energy (E) is calculated to be E = h? / (8mV2/ 3,
where /4 is Planck’s constant and m is the mass. When the
box is 1 A3, E is more than 10* kJ mol!; the electron tends
to spread out as widely as possible. This tendency is called
kinetic-energy pressure.*®

The concept of ‘kinetic-energy pressure’ seems to be very
convenient, because the reason of conjugation between dou-
ble bonds can be interpreted as ‘relaxation’ of the kinetic
energy pressure.’ Aromaticity is also given by the relaxation
of the kinetic energy pressure of 7 electrons.* In this way, if
we stand on this viewpoint, a number of riddles concerning
‘m energy’ seem to be solved.

The research was supported by the Ministry of Education,
Science, Sports and Culture.
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